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Çàäà÷à 9.1.Îñíîâûâàÿñü òîëüêî íà îïðåäåëåíèè äîêàçàòü, ÷òî ôóíêöèÿ
f(x) = ‖x‖2 ñèëüíî âûïóêëà íà Rn ñ êîíñòàíòîé θ = 1.

Çàäà÷à 9.2. Èñïîëüçóÿ òåîðåìó 7.6 äîêàçàòü ñëåäñòâèå òåîðåìû 9.1
(íåðàâåíñòâî Èåíñåíà).

Çàäà÷à 9.3. Äîêàçàòü, ÷òî äëÿ ëþáûõ ÷èñåë xi > 0, i = 1, . . . , m, ñïðà-
âåäëèâî (

m∑

i=1

xi

)(
m∑

i=1

1
xi

)
≥ m2.

Çàäà÷à 9.4. Ïðèâåñòè ïðèìåðû, ïîêàçûâàþùèå, ÷òî êâàçèâûïóêëàÿ íà
äàííîì ìíîæåñòâå ôóíêöèÿ íå îáÿçàòåëüíî âûïóêëà íà ýòîì ìíîæåñòâå.

Çàäà÷à 9.5. Äîêàçàòü, ÷òî îïðåäåëåíèå êâàçèâûïóêëîñòè ôóíêöèè f íà
âûïóêëîì ìíîæåñòâå X ⊂ Rn ⇐⇒ óñëîâèþ

f(λx1 + (1− λ)x2) ≤ max{f(x1), f(x2)} ∀x1, x2 ∈ X, ∀λ ∈ [0, 1].

Çàäà÷à 9.6. Äîêàçàòü òåîðåìó 9.3.
Çàäà÷à 9.7. Ïðèâåñòè ïðèìåð, ïîêàçûâàþùèé, ÷òî óñëîâèå íåóáûâàíèÿ

ôóíêöèè ϕ â òåîðåìå 9.5 ñóùåñòâåííî.
Çàäà÷à 9.8. Äîêàçàòü òåîðåìó 9.6.
Çàäà÷à 9.9. Äîêàçàòü, ÷òî ôóíêöèÿ

f(x) = {max(ex, x2) + 1/x}2

âûïóêëà íà R+ \ {0}.
Çàäà÷à 9.10∗. Ïóñòü äàíû ÷èñëà λi ≥ 0 i = 1, . . . , n,

∑n
i=1 λi = 1.

Äîêàçàòü, ÷òî òàê íàçûâàåìàÿ ôóíêöèÿ Êîááà-Äóãëàñà

f(x) =
n∏

i=1

xλi
i , x = (x1, . . . , xn) ∈ Rn

(øèðîêî èñïîëüçóåìàÿ â ìàòåìàòè÷åñêîé ýêîíîìèêå), âîãíóòà íà Rn
+.

Çàäà÷à 9.11. Îñíîâûâàÿñü íà òåîðåìå 9.7 äîêàçàòü òåîðåìó 9.10.
Çàäà÷à 9.12. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α ∈ R ôóíêöèÿ

f(x) = (α + 6)x2
1 + 2αx1x2 + x2

2, x = (x1, x2) ∈ R2,

âûïóêëà íà R2?
Çàäà÷à 9.13. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α ∈ R ôóíêöèÿ

f(x) = x2
1 + 4x2

2 + (α + 2)x2
3 + x1x2 + 2x1x3 + x2x3, x = (x1, x2, x3) ∈ R2,

âûïóêëà íà R2?
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Çàäà÷à 9.14∗. Äîêàçàòü, ÷òî ôóíêöèÿ

f(x) = ln
n∑

i=1

exi , x = (x1, . . . , xn) ∈ Rn,

âûïóêëà íà Rn.
Çàäà÷à 9.15. Äîêàçàòü, ÷òî ôóíêöèÿ

f(x) =
√

1 + x2
1 + x2

2, x = (x1, x2) ∈ R2,

âûïóêëà íà R2.
Çàäà÷à 9.16∗. Ïóñòü X è Y � âûïóêëûå ìíîæåñòâà â Rn è Rm ñîîò-

âåòñòâåííî, ϕ(x, y) � âûïóêëàÿ ôóíêöèÿ íà X × Y , îãðàíè÷åííàÿ ñíèçó
ïî y íà Y ïðè êàæäîì ôèêñèðîâàííîì x ∈ X. Äîêàçàòü, ÷òî ôóíêöèÿ
f(x) = infy∈Y ϕ(x, y) âûïóêëà íà X.

Çàäà÷à 9.17. Ïóñòü ϕ � îãðàíè÷åííàÿ ñâåðõó âûïóêëàÿ ôóíêöèÿ íà
R+. Äîêàçàòü, ÷òî ϕ íå âîçðàñòàåò íà R+.

Çàäà÷à 9.18. Ïóñòü f � íåïðåðûâíàÿ ñèëüíî âûïóêëàÿ ôóíêöèÿ íà
çàìêíóòîì âûïóêëîì ìíîæåñòâå X ⊂ Rn. Äîêàçàòü, ÷òî f � áåñêîíå÷íî
ðàñòóùàÿ ôóíêöèÿ íà X.

Çàäà÷à 10.1. Äîêàçàòü ëåììó 10.1.
Çàäà÷à 10.2. Ðåøèòü çàäà÷ó

f(x) = 4x2
1 − x1x2 + 2x2

2 → min, x ∈ X,

X = {x = (x1, x2) ∈ R2 | 4 ≤ x1 ≤ 8, −1 ≤ x ≤ 2}.
Çàäà÷à 10.3. Ðåøèòü çàäà÷ó

f(x) = αx2
1 + x1x2 + x2

2 → min, x ∈ X,

X = {x = (x1, x2) ∈ R2 | 2 ≤ x1 ≤ 3, 3 ≤ x2 ≤ 4},
ãäå α ∈ R � ïàðàìåòð.

Çàäà÷à 10.4. Íàéòè âñå çíà÷åíèÿ ïàðàìåòðà α ∈ R, ïðè êîòîðûõ òî÷êà
x∗ = 0 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

f(x) = eα2x1 + eα2x2 + 2αx1 − x2 → min, x ∈ X,

X = {x = (x1, x2) ∈ R2 | 0 ≤ x1 ≤ 1, −1 ≤ x2 ≤ 0}.
Çàäà÷à 10.5∗. Ïóñòü ôóíêöèÿ f äèôôåðåíöèðóåìà è âûïóêëà íà Rn.

Äîêàçàòü, ÷òî ∀ ÷èñëà λ > 0 ðåøåíèå ñèñòåìû óðàâíåíèé f ′(x) = −λx ∃ è !.
Çàäà÷à 10.6. Ðåøèòü çàäà÷ó

f(x) = ln x1 − x2 → max, x ∈ X,
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X = {x = (x1, x2) ∈ R2 | 2x1 + x2 ≥ 1, −x1 + x2 ≤ 1, 2x1 − x2 ≤ 3}.
Çàäà÷à 10.7. Ðåøèòü çàäà÷ó

f(x) = 2x1 + x2
2 + x2

3 → min, x ∈ X,

X = {x = (x1, x2, x3) ∈ R3 | x1 + x2 + x3 = 3, 2x1 + x2 + x3 ≤ 5}.
Çàäà÷à 10.8. Ðåøèòü çàäà÷ó

f(x) = 2x2
1 + x2

2 + 2x2
3 − x1x3 → min, x ∈ X,

X = {x = (x1, x2, x3) ∈ R3 | x1 − 3x2 + 2x3 ≤ 1, 2x1 + x2 ≤ 10}.
Çàäà÷à 10.9. Ðåøèòü çàäà÷ó

f(x) = 2x4
1 + x4

2 → max, x ∈ X,

X = {x = (x1, x2) ∈ R2 | −x1 + 2x2 ≤ 3, 3x1 + x2 ≤ 5, 2x1 + 3x2 ≥ 1}.
Çàäà÷à 10.10. Ðåøèòü çàäà÷ó

f(x) = x2
1 + x2

2 + x2
3 + x2

4 → max, x ∈ X,

X = {x = (x1, x2, x3, x4) ∈ R4 | x1 − 2x2 + 4x3 − x4 = 1,

2x1 + 3x2 + x3 + 2x4 = 3, xj ≥ 0, j = 1, . . . , 4}.
Çàäà÷à 10.11. Ðåøèòü çàäà÷ó

f(x) = x3
1 − x2

2 → max, x ∈ X,

X = {x = (x1, x2) ∈ R2 | x1x2 ≤ −1, −2 ≤ x1 ≤ 0, 0 ≤ x2 ≤ 2}.

Çàäà÷à 11.1. Ðåøèòü çàäà÷ó

f(x) = max{x2
1 + x2

2, x1 + x2 + 1} → min, x = (x1, x2) ∈ R2.

Çàäà÷à 11.2. Ðåøèòü çàäà÷ó

f(x) = max{x2
1 + x2, x1 + x2

2} → min, x = (x1, x2) ∈ R2.

Çàäà÷à 11.3. Ðåøèòü çàäà÷ó

f(x) = max{x2, x2 − 2x + α} → min, x ∈ R,

α ∈ R.
Çàäà÷à 11.4. Ðåøèòü çàäà÷ó

f(x) =
1
2
‖x‖2 + ‖x− c‖ → min, x ∈ Rn,
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c ∈ Rn.
Çàäà÷à 11.5. Ðåøèòü çàäà÷ó

f(x) =
1
2
‖x‖2 + |〈c, x〉+ 1| → min, x ∈ Rn,

c ∈ Rn.
Çàäà÷à 11.6. Íàéòè òî÷êó â R, ñóììà ðàññòîÿíèé îò êîòîðîé äî çàäàí-

íûõ òî÷åê ai ∈ R, i = 1, . . . , m, ìèíèìàëüíà.
Çàäà÷à 11.7 (Øòåéíåðà). Íàéòè òî÷êó â R2, ñóììà ðàññòîÿíèé îò êî-

òîðîé äî âåðøèí çàäàííîãî òðåóãîëüíèêà ìèíèìàëüíà.

Çàäà÷à 13.1. Âûäâèãàÿ èç ãåîìåòðè÷åñêèõ ñîîáðàæåíèé ãèïîòåçó, à çà-
òåì ïðîâåðÿÿ åå ïî òåîðåìå Êóíà�Òàêêåðà, ðåøèòü çàäà÷ó

(x1 − 1)2 + (x2 + 1)2 → min, x ∈ X,

X = {x = (x1, x2) ∈ R2 | x1 − x2 ≤ 0, (x1 − 2)2 + (x2 − 1)2 ≤ 1}.
Çàäà÷à 13.2.Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α ∈ R òî÷êà x∗ = (

√
3/2+

1, 1/2) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

αx1 + x2 → min, x ∈ X,

X = {x = (x1, x2) ∈ R2 | (x1 − 1)2 + (x2 − 1)2 ≤ 1, (x1 − 2)2 + x2
2 ≤ 1}?

Çàäà÷à 13.3. Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α ∈ R òî÷êà x∗ = (1, 1)
ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

−x1 + αx2 → min, x ∈ X,

X = {x = (x1, x2) ∈ R2 | x2
1 + x2

2 ≤ 2, x2
1 − x2 ≤ 0}?

Çàäà÷à 13.4. Íàéòè ãëîáàëüíîå ðåøåíèå çàäà÷è

2x1 + 4x2 − 1
2
x2

3 → max, x ∈ X,

X = {x = (x1, x2, x3) ∈ R3 | x2
1 + x2

2 − x3 ≤ 4, x1 − x2 + x2
3 ≤ 1}.

Çàäà÷à 13.5. Ðåøèòü çàäà÷ó
n∑

j=1

(xj − aj)2 → min, x ∈ X,

X =



x = (x1, . . . , xn) ∈ Rn

∣∣∣∣∣∣

n∑

j=1

x2
j ≤ 1,

n∑

j=1

xj = 0



 ,

ãäå aj ∈ R, j = 1, . . . , n.
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